Intergrerend project dynamische systemen

574 / university of
1 April 2015 By /) Broningen

Exam Problem Sheet

The exam consists of 4 problems. You may answer in Dutch or in English.
You have 120 minutes to answer the questions. Give brief but precise answers.
You can achieve 60 points in total which includes a bonus of 5 points.

1. [5+5+5 Points.]

For each of the following bifurcations of equilibrium points of time continuous sys-
tems, plot the bifurcation diagram and describe in words the bifurcation scenario,
and give an explicit example (i.e. a one-parameter family of systems showing the
respective bifurcation).

(a) Transcritical bifurcation.
(b) Pitchfork bifurcation.
(c) Hopf bifurcation.

2. [242+2+44+5 Points.]
Consider the planar system

where a is a positive constant.

(a) Show from the eigenvalues that the equilibrium at the origin is asymptotically
stable.

(b) Give the (real) canonical form for the system (note that you might have to
distinguish between different cases depending on the size of a).

(¢) Show that L(z,y) = z? + 3? is a Lyapunov function for the system.
(d) State Lasalle’s Invariance Principle.

(e) Use Lasalle’s Invariance Principle to prove again that the equilibrium at the
origin is asymptotically stable and that the basin of attraction is the full plane.
(Hint: consider disks of arbitrary radius centered at the origin.)

— please turn over —



. [10 Points.]
‘Consider the family of one-dimensional systems =’ = f(z, a) with parameter a € R.

Suppose that for zp,a0 € R,
(1) f(iE(), aO) = O)

(11) (:EO) a'O) 0
(111) 6:1:2 (330, ao) # 0, and
(IV) (SEO: aO) ?é 0.

Show that the systems has a saddle-node bifurcation at (zo, ao).

4. [6+9 Points.]
(a) State the definition of chaos for a discrete time system.
) : s, € {0,1} } be the space of half-infinite sequences of

(b) Let & = {(s0, 81, 82,...) :
the symbols 0 and 1. The map d : ¥ x ¥ — R which maps s = (sg, 51, Sa,. . .)

and t = (to, t1,tq,...) to
— |5k — tal
d(s,t) = Z 2k
k=0

defines a metric on ¥. Argue that the shift map

c:8—=%, s=/(s,81,8.. .)— c(s)=(s1,52,8s...)

is chaotic.
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